We study the connected regular graphs with four distinct eigenvalues. Properties and feasibility conditions of the eigenvalues are found. Several examples, constructions and characterizations are given, as well as some uniqueness and nonexistence results.
Proof.
The following short argument was pointed out by P. Rowlinson have integral coefficients. We shall use these polynomials in the proof of the following theorem. 
Proof.
Without loss of generality we may assume m2 < m3 < m4. If all three are equal, then they must be equal to m, and k + m(h, + A, + h4) = trace(A) = 0, where A is the adjacency matrix of G. Since p(x) E Z[ xl, we have that A, + A, + A, E Z, so k is a multiple of m. Since TV = 3m + 1, it follows that k = m or k = 2m.
If m2 = m3 < m4, then (X -hq)m4-'nz = ~(x)/p(x)""-' E Z [x] , so
A, E Z. Now it follows that (X -A,)( x -A,) E Z[ xl, so A, and A, are both integral or of the form f<u k a>, with a, b E Z.
If m2 < m3, then (x -As)m~-m 2(x -Aq)m,-m2 = q(x)/p(x) Another important property of connected regular graphs with four distinct eigenvalues, which we shall use in Section 4.6, is that the multiplicities of the eigenvalues follow from the eigenvalues and the number of vertices (cf. [6, p.
1611).
This follows from the following three equations, which uniquely determine m2, m3, and m4:
The second equation follows from the trace of A, and the third from the trace of A", where A is the adjacency matrix of the graph. Note that the eigenvalues alone do not determine the multiplicities. For example, the complement of the Cube has spectrum { [4] ', [2] l, [013, [-213 ), while the line graph of the Cube has spectrum { [4] l, [213, [013, [ -215} . This example is the smallest of an infinite class given by Doob 17, 81.
WALK-REGULAR GRAPHS AND FEASIBILITY CONDITIONS
A walk-regular is a graph G for which the number of walks of length r from a given vertex x to itself (closed walks) is independent of the choice of x, for all r (cf.
[ll]). Since this number equals A:,, it is the same as saying that A' has constant diagonal for all r, if A is the adjacency matrix of G.
Note that a walk-regular graph is always regular. If G has o vertices and is connected k-regular with four distinct eigenvalues k, A,, A,, and A,, then
i.e., h(A) = J, where h is the Hoffman polynomial and J is the all-one matrix (cf.
[16]). Since A", A, I, and J all have constant diagonal, we see that A' has constant diagonal for every r. So G is walk-regular.
3.1.
Feasibility conditions If G is walk-regular on v vertices with degree k and spectrum 
1-l
This expression gives a feasibility condition for the spectrum of G, since A should be a nonnegative integer. In general, it follows that 0,. = i ,f: miAr.
1=1
is a nonnegative integer. Since the number of closed walks of odd length r is even, 0, should be even if r is odd. For even r, we can also sharpen the condition, since then the number of nontrivial closed walks (that is, those containing a cycle) is even. For example, if r = 4, the number of trivial closed walks through a given vertex (i.e., passing only one or two other vertices) equals 2 k2 -k, so B= 0, -2k' + k 2 is a nonnegative integer, and it equals the number of quadrangles through a vertex.
In case we have four distinct eigenvalues, the following lemma will also be useful. ??
Note that if 5 is the (constant) number of quadrangles through an edge,
and if E is the number of quadrangles through a vertex, then & = 28/k.
3.2.
Simple eigenvalues If a walk-regular graph has a simple eigenvalue A z k, then we can say more on the structure of the graph. We shall prove that the graph admits a regular partition into halves with degrees (i(k + A), i(k -A)), that is, we can partition the vertices into two parts of equal size such that every vertex has i(k + A) neighbors in its own part and i(k -A) neighbors in the other part. As a consequence we obtain that k -A is even, a condition which was proven by Godsil Consider the matrix M = B -(r/v)J; then M is symmetric, has constant diagonal, say x, row sums zero, and spectrum ([sl', [Ol"-l). So, M has rank 1. By noticing that the determinant of all principal submatrices of size 2 must be zero, and using that M is symmetric and has constant diagonal, it follows that M only has entries +x. Since M has row sums zero, it follows that v is even and that we can write M as Now B has nontrivial eigenvalues r and vx, so s = vx, and the result follows. In general, distance-regularity is not determined by the spectrum of the graph. Haemers [13] proved that it is, provided that some additional conditions are satisfied. Haemers and Spence [15] found (almost) all graphs with the spectrum of a distance-regular graph with at most 30 vertices. Most of these graphs have four distinct eigenvalues. If the number of vertices is not a prime power, then only three pseudocyclic 3-class association schemes are known. On 28 vertices, Mathon [19] found one, and Hollmann [18] so it has four distinct eigenvalues (if t > 1).
Note that if a connected regular graph has four distinct eigenvalues, then its complement is also connected and regular with four distinct eigenvalues, or it is disconnected, and then it is the union of strongly regular graphs, all having the same spectrum.
Product constructions
If G is a graph with adjacency matrix A, then we denote by G @ J,, the graph with adjacency matrix A @ I,,, and by Go],, we denote the graph with adjacency matrix ( A + I) 0 1, -I. If G is connected and regular, then so are G @J,, and GO],. Note that (G @JJ,)' = GCOJnr where G" is the complement of G.
If G has 0 vertices and spectrum So, if we have a strongly regular graph or a connected regular graph with four distinct eigenvalues of which one is 0 or -1, then this construction produces a bigger graph with four distinct eigenvalues.
The following theorem is a characterization of C, @ Jn, from which its uniqueness and the uniqueness of its complement C, OJn follows. 
Proof.
Let G have v vertices and degree k. First we shall prove that G has diameter 2. Suppose G has diameter 3 and take two vertices x, y at distance 3. Let A be partitioned according to G(x) U { y) and the remaining vertices. Then
A=
Since ranks A) < 5, it follows that rank(N) < 2. Now write Since the all-one vector is in the column space of N (N has constant row sums k), rank( N') < ranks N ), so ranks N,) < 1. But then N, = (Jk, k-1 O), and we have a subgraph KkB k, so it follows that G is disconnected, which is a contradiction.
So G has diameter 2. Next let A be partitioned according to G(x) and the remaining vertices. Then 
On the other hand, if we count the number of quadrangles through x and a vertex z which corresponds to one of the last k -n rows of N, then we see
So n = ik and since A has rank at most 5 and zero diagonal, it follows that Proof.
Note that for 1 = 1 or 2, the statement is trivial, So suppose I > 2. Let G be a graph with adjacency matrix A and spectrum I]', [2n -l]'-', [ -1]2n'-1-1, [ -n(l -2) -I]' ). 
I[ nl -

Now let B = (
We shall call this graph the twisted double of G. We shall prove that this is the only way to construct a graph with this spectrum. 
Line graphs and other graphs with least eigenvalue -2
If G is a strongly regular graph (k + 2) or a bipartite regular graph with four distinct eigenvalues (the incidence graph of a symmetric e-design, cf. Cocktail-party graphs are strongly regular, so we are left with line graphs. Now Doob [S] showed that if G has four distinct eigenvalues, least eigen-value -2, and is the line graph of, say, H, then H is a strongly regular graph, or the incidence graph of a symmetric 2-design, or a complete bipartite graph K m,nr with m > n >, 2. In that case, there is one exception: BCS,.
Note that the complement of a connected regular with least eigenvalue -2 is a graph with second largest eigenvalue 1.
@her graphs from strongly regular graphs
In the previous sections, we already used strongly regular graphs to construct other graphs. In this section, we shall construct graphs from strongly regular graphs having certain properties, like having large cliques or cocliques, having a spread, or a regular partition into halves. If G admits a spread, that is, a partition of the vertices into cliques of size I -k/s (i.e., meeting the Hoffman bound), then by removing the spread, that is, the edges in these cliques, we obtain a graph with spectrum
Note that these graphs come from 3-class association schemes. For example, if we remove a spread from the generalized quadrangle GQ(2,4), we get a distance-regular graph with spectrum { [8] 
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with this spectrum is the lattice graph OA(n, 2). Furthermore, we must have a regular partition into halves with degrees (i(3n -4), in). Now there is (up to isomorphism) exactly one way to do this: take a spread and split it into two equal parts.
??
This partition can also be used for the graphs OA(n, m> for "arbitrary" m. 
If we now take for one part of the partition the set (iI M,{ = 1, . . . , in}, then we have a regular partition into halves with degrees
Thus we obtain a graph with spectrum
[mn -+fl" -ml'). For n = 1 (mod4), we thus obtain a graph with spectrum
Note that (in general) there are more ways to obtain such partitions, and so possibly different graphs with this spectrum. The following lemma shows that we need the restriction n = 1 (mod4), and gives a property of the partitions.
LEMMA 4.7.
Zf the triangular graph T(n) admits a regular partition into halves V, and V,, with degrees (n -3, n -l), then n = 1 (mod 4) and for eachi = l,... , n we have that I(j # i I {i, j} E %',}I = i(n -1).
Proof.
First, note that the number of vertices in(n -1) should be even, so that n = 0 or 1 (mod4). Now fK i, and let m = I{j # i I Ii, j} E Vi}/.
If {i, j} E V,, then we must have that which implies that m = i(n -11, and since this must be an integer, we must have n = 1 (mod4). ??
Since the triangular graph T(n) is uniquely determined by its spectrum unless n = 8, Theorem 4.5 and Lemma 4.7 imply the following result. For all parameter sets of strongly regular graphs on at most 63 vertices, except for T(9) and OA(6,2), we shall now give an example of how we can obtain a graph with four distinct eigenvalues, using Seidel switching. Cameron, Goethals, and Seidel [5] proved that there is a one-one correspondence between the restricted eigenvalues e {r, s) of the subconstituents of G, such that corresponding eigenvalues have the same restricted multiplicity, and add up to r + s. Here we call an eigenvalue restricted if it has an eigenvector orthogonal to the all-one vector. Its restricted multiplicity is the dimension of its eigenspace, which is orthogonal to the all-one vector. -l]'"-').
This implies that if
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